Abstract. Let E be an elliptic curve of conductor N and rank one over Q. So there is a non-constant morphism X + 0 (N ) −→ E defined over Q, where X + 0 (N ) = X 0 (N )/w N and w N is the Fricke involution. Under this morphism the traces of the Heegner points of X + 0 (N ) map to rational points on E. In this paper we study the index I of the subgroup generated by all these traces on E(Q). We propose and also discuss a conjecture that says that if N is prime and I > 1, then either the number of connected components ν N of the real locus X + 0 (N )(R) is ν N > 1 or (less likely) the order S of the Tate-Šafarevič group X(E) of E is S > 1. This conjecture is backed by computations performed on each E that satisfies the above hypothesis in the range N ≤ 129999.
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This paper was prepared for the proceedings of the Conference on Algorithmic Number Theory, Turku, May 8-11, 2007 . We tried to make the paper as self contained as possible. 1. Introduction 1.1. Motivation. Let E be an elliptic curve over Q, i.e. a complete curve of genus one with a specified rational point O E , hence E has a natural structure of a commutative algebraic group with zero element O E . The Mordell-Weil theorem asserts that the group E(Q) of rational points on E is finitely generated. So the classical Diophantine problem of determining E(Q) is thus the problem of obtaining a finite set of generators for the group E(Q). The finite subgroup E(Q) tors of torsion points of E(Q) is easy to compute. However, finding generators g 1 , . . . , g r E for the free abelian group E(Q)/E(Q)
tors is in general a hard problem. The Birch and Swinnerton-Dyer conjecture predicts (among other things) that the rank r E of the Mordell-Weil group E(Q) is the order of vanishing at s = 1 of the Hasse-Weil L-function L(E, s) attached to E. By the work of Kolyvagin on Euler systems of Heegner points on (certain twists of) modular elliptic curves, and the well-known fact due to Wiles [16] , and Breuil-Conrad-Diamond-Taylor [2] that every elliptic curve E over Q admits a (non-constant) morphism ϕ : X 0 (N) −→ E over Q, we know that this prediction is true for r E = 0 and 1. We are interested in the latter case, and henceforth we assume that L(E, s) has a simple zero at s = 1. Then ϕ factors through the quotient X + 0 (N) = X 0 (N)/w N associated to the Fricke involution w N and the so-called Heegner point construction
tors . Gross-Kohnen-Zagier [9, p. 561] proved that the (full) Birch and Swinnerton-Dyer for r E = 1 is equivalent to
where I E is the index of H, X(E) is the Tate-Šafarevič group of E, c E is Manin's constant, m E is the product of the Tamagawa numbers, and n E is the index of a certain subgroup of the −1-eigenspace H 1 (E(C); Z)
− of complex conjugation acting on H 1 (E(C); Z) constructed in terms of classes of Heegner geodesic cycles in
− . (The relevant definitions are recalled below.) Let us assume this conjecture. To simplify our discussion let us assume further that the conductor N E of E is prime so that the index I E is completely determined by n E and |X(E)|. Numerical evidence strongly suggests that there are 109 curves such that I E > 1 out of the 914 curves E of rank one and prime conductor N ≤ 129999 in Cremona's Tables [5] . For each of these curves with I E > 1, then either the number ν N of connected components of the real locus X + 0 (N)(R) of the quotient modular curve X + 0 (N) is ν N > 1 or, less likely (only 8 cases), X(E) is non-trivial. This suggests a non-trivial connection between the topology of X + 0 (N)(R) and the arithmetic of E, which is not expected since ν N is a certain simple sum of class numbers of real quadratic fields and heuristic considerations suggest that the equality ν N = 1 is more 1 Heegner points were first studied systematically by Birch [1] .
likely than the inequality ν N > 1. This paper is about a conjecture motivated by the above discussion. We state it in Subsection 3.4 and then discuss a homological formulation of our conjecture which hopefully will furnish a new approach to Equation 1.1.
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2. Background 2.1. The Hasse principle and genus one curves. It is a classical Diophantine problem the determination of the set of rational points C(Q) of a given complete non-singular algebraic curve defined over Q. The problem is solved for the case of genus zero. Legendre theorem, as stated by Hasse, says that given any conic C with coefficients in Q the set C(Q) is non-empty if and only if the set C(Q p ) is nonempty for every prime p including p = ∞, where Q p is the field of p-adic numbers, if p = ∞ and Q p = R, if p = ∞. Moreover, it is known that it suffices to determine whether C(Q p ) is non-empty for each prime p that divides the discriminant D of an homogeneous equation f (X, Y, Z) = 0 for the conic C. Then by Hensel's lemma we know that f (X, Y, Z) = 0 will have a non-trivial zero in Q p for p|D if and only if it has an "approximate" zero. Once we have a rational point O on C, it is easy to see that there are an infinite number of them by fixing any line L ⊂ P 2 defined over Q (e.g. the X-axis) and parametrise C(Q) with L in the obvious way. This furnishes an algorithm to effectively compute C(Q) in the genus zero case.
Let us consider the genus one case. By the work of Selmer [14] we know that the obvious extension of Legendre's theorem to curves of genus one is not true. For example the curve C in P 2 given by the Selmer cubic
is such that C(Q p ) = 0 for every prime p, including p = ∞. But it turns out that C(Q) = ∅. In such cases it is said that C violates the Hasse principle. There is a natural way to measure the extent of failure of this principle. The Jacobian E = Jac(C) of C is a complete non-singular genus one curve defined over Q equipped with a commutative algebraic group structure, i.e. E is an elliptic curve, together with an isomorphism j : C −→ E over Q alg such that for every element σ in the
is of the form P → P + a σ , for some a σ ∈ E(Q alg ). So we may define the TateSafarevič group X(E) of E as the set of isomorphism classes of pairs (T, ι), where T is a smooth curve defined over Q of genus one such that T (Q p ) = ∅, for all p prime and ι : E −→ Jac (T ) is an isomorphism defined over Q. (Given T such that E = Jac(T ), the map σ → a σ is a 1-cocycle whose image in the cohomology group H 1 (G Q , E) is uniquely determined by the isomorphism class of (T, ι). So we may identify X(E) with a subgroup of H 1 (G Q , E). Cf. Cassels book [3] .) Clearly the Hasse principle holds for C if and only if X(E) consists of exactly one element, where E is the Jacobian of C. It is conjectured to be finite, i.e. that Hasse principle fails by a "finite amount" in the genus one case.
Cassels' proved that if X(E) is indeed finite, then its order is a square.
2.2.
Structure of the Mordell-Weil group. The algebraic group structure of an elliptic curve E may be made explicit as follows. Let O E be the zero element of E.
Using the Riemann-Roch theorem we see that the map Albanese map P −→ P − O E identifies the set E(K) of K-rational points of E with the Picard group Pic 0 (E/K) of E over any field K containing Q. Using again the Riemann-Roch theorem we may see that E has a Weierstraß model
where O E corresponds to (0 : 1 : 0), for a 1 , a 2 , a 3 ,a 4 , and a 6 ∈ Q such that the discriminant ∆ of Equation 2.1 is non-zero. It is well-known that the converse holds, so a curve defined by a Weierstraß equation such that ∆ = 0 is a complete non-singular curve of genus one, and thus an elliptic curve with zero element O E = (0 : 1 : 0). In particular, the curve obtained by reducing the coefficients of Equation 2.1 modulo a prime number p is an elliptic curve if and only if p does not divide ∆, in which case we say that E has good reduction at p. A further consequence of the Riemann-Roch theorem is that the group law is given by the classical chord and tangent construction, which is schematically outlined in Figure 2 .1. Using this geometric property we may easily write down explicit rational functions with coefficients in Q on the coordinate functions x and y for the addition law E × E −→ E and for the inverse of an element law E −→ E. The Mordell-Weil theorem asserts that the group E(Q) is a finitely generated abelian group, thus E(Q) = E(Q) tors ⊕E(Q) free , where the torsion subgroup E(Q) tors ⊂ E(Q) is finite and E(Q)
free ⊂ E(Q) is a free subgroup of (finite) rank r E . It is wellknown that the subgroup E(Q) tors is not difficult to compute. However, obtaining generators for a subgroup E(Q) free is in general a hard problem. A measure of the
arithmetic complexity of a given non-torsion rational point P on E is given by its Néron-Tate heightĥ
where the naïve height h(P ) of a point P = (x : y : z) in P 2 (Q) is given by h(P ) = log max(|x|, |y|, |z|), where x, y, and z are integers such that gcd(x, y, z) = 1. It is well-known thatĥ(P ) does not depend on the choice of Weierstraß model for E and, moreover, it defines a non-degenerate positive definite quadratic form on the r E -dimensional real vector space E(Q) ⊗ Z R. The height paring is the bilinear form ·, · on E(Q)⊗ Z R such that P, P =ĥ(P ), for all P ∈ E(Q)⊗ Z R. The determinant R E of the r E by r E matrix whose entries are given by the height paring ·, · applied to a set of generators of E(Q) free is known as the regulator of E(Q).
2.3. The Birch and Swinnerton-Dyer conjecture. As above let E be an elliptic curve defined over Q, and suppose we have used Tate's algorithm [15] to obtain the conductor N E and a minimal Weierstraß model of E, i.e. an integral Weierstraß model of E with |∆| minimal. Such discriminant is known as the minimal discriminant 2 of E and denote we it
where
Since E is defined over Q the work of Wiles [16] and Breuil-Conrad-DiamondTaylor [2] implies that E is modular, and in particular L(E, s) may be analytically continued to the whole complex plane C. (See below.) The Birch and SwinnertonDyer conjecture predicts that L(E, s) has a Taylor expansion around s = 1 of the form
where m E is the product of all the local Tamagawa numbers c p , and Ω E is the least positive real period of the Néron differential
where a 1 and a 3 are as in Equation 2.1 (assuming the Weierstraß equation is minimal). [5] . According to that entry the rank of E is zero and the order of Tate-Šafarevič group predicted by the Birch and Swinnerton-Dyer conjecture is |X(E)| = 3
2 . This is consistent with the fact that the Hasse principle fails for C, as remarked above. First we may identify the complex points of the moduli space Y (1) that classifies elliptic curves E over C with the complex points of the affine line A 1 by mapping the isomorphism class of E ∼ = C/(Zτ + Z) to the image of τ in Γ\h followed by the classical j-invariant map
where ∆ is the cusp form of weight 12 defined by the infinite product ∆(τ ) = q n>0 (1 − q n ) 24 , and E 4 is the modular form of weight 4 defined by the series E 4 (τ ) = 1 + 240 n>0 σ 3 (n)q n , where as usual σ k (n) = 0<d|n d k and q = e 2πiτ . The obvious action of Γ on the cusps P 1 (Q) = Q ∪ {i∞} is transitive, so the (onepoint) compactification X(1)(C) of the complex line Y (1)(C) is the Riemann sphere X(1) = Γ\h * , where h * = h ∪ P 1 (Q). We also have a bijection
The quotient set Γ 0 (N)\h * has a unique complex-analytic structure such that the natural map ψ : Γ 0 (N)\h * −→ X(1)(C) is a proper. Moreover, the above bijection is in fact an isomorphism between Γ 0 (N)\h Again let E be an elliptic curve defined over Q. As mentioned above, by the work of Wiles [16] and Breuil-Conrad-Diamond-Taylor [2] we know that E is modular. This means that the Fourier series f E (τ ) = n a E (n)q n is a normalised newform, and thus ω f = 2πif E (τ )dτ is a holomorphic differential on X 0 (N) such that the map ϕ : X 0 (N) −→ E defined by
, is a (well-defined) non-constant morphism over Q, where ℘ Λ is the Weierstraß ℘-function and Λ ⊂ C is the lattice generated by the periods of a Néron differential ω E associated to a minimal Weierstraß model of E. From now on we assume that E has rank one over Q. By the work of Kolyvagin [10] , Gross-Kohnen-Zagier [9] and results due to Waldspurger, Bump, Friedberg and Hoffstein, we know that if r = 0 or 1, then the order of vanishing of L(E, s) is as predicted by the Birch and Swinnerton-Dyer conjecture (and also that X(E) is finite). In particular L(E, s) has a simple zero at s = 1 and thus w N ω f = ω f . So the modular parametrisation factors through the quotient map X 
So we have a proper
This point x is known as a Heegner point, and following Gross [6] is as above, and by the theory of Complex Multiplication the action of the Galois group Gal(K alg /K) on x is determined by a homomorphism
In other words H is the fixed field of the Galois group ker(δ) and Gal(H/K) ∼ = Pic(O D ). The field H is known as the ring class field attached to O D , i.e. the maximal abelian extension of K unramified at all primes p of K which do not divide f . More precisely, the homomorphism δ is the inverse of the Artin reciprocity map, so in fact δ(Frob p ) = [p] for each prime p of K which does not divide f , where Frob p ∈ Gal(H/K) is the Frobenius element at p, which is characterised by the properties Frob p P = P and Frob p α ≡ α q (mod P), for each α in the ring of integers O H of H, where P is a prime ideal of H above p and q = #(O K /p).
To simplify the exposition we assume from now on that the discriminant D is fundamental, and also that E(Q) ∼ = Z. The weighted trace y D,r,ϕ on E associated to the pair (D, r) may be defined by the equation
1, otherwise. We claim that y D,r,ϕ is a rational point on E. Since K is an imaginary quadratic field, the non-trivial element of Gal(K/Q) is complex conjugation, which acts on Heegner points as
. Also, note that the action of the Fricke involution w N is given by
. Therefore the action of w N on the right-hand side of Equation 3.1 is the same as that of complex conjugation. But we assumed ϕ factors through the canonical quotient map X 0 (N) −→ X + 0 (N) associated to w N . Thus the right-hand side of Equation 3.1 is defined over Q. Finally, each Heegner point τ ∈ h of discriminant D is the fixed point of an element of order u D of the group generated by Γ 0 (N) and the Fricke involution w N (cf. Zagier [17] ), and our claim follows.
Recall we assumed E(Q) ∼ = Z. So we may fix a generator g E of the Mordell-Weil group E(Q) of E over Q. The index I D,r,ϕ of y D,r,ϕ in E(Q) may be expressed as
We are interested in the index I ϕ of the group generated by the Heegner points, i.e. the greatest common divisor of the indexes I D,r,ϕ for all pairs (D, r) that satisfy the Heegner condition. 
We normalise our choice of M Q by assuming that the eigenvalue
Clearly it is stable under the action of M Q and has the same orientation as the geodesic segment {τ 0 , M Q τ 0 }, given any point τ 0 on it. Now let γ Q,τ 0 be the closed path on X 0 (N)(C) defined by {τ 0 , M Q τ 0 }. It is a smooth path on X 0 (N)(C) except when it contains an elliptic point of order 2, in which case γ Q,τ 0 = −γ Q,τ 0 as 1-cycles. Note γ Q,τ 0 depends only on the Γ 0 (N)-equivalence class of Q So given (D 0 , r 0 ) and (D 1 , r 1 ) that satisfy the Heegner condition we may define the (twisted) Heegner cycle
where χ D 0 is the generalised genus character, following Gross-Kohnen-Zagier [9, p. 508] ; It is well-known that the index n E of the subgroup generated by e E in H 1 (E(C), Z) − is uniquely defined by the above condition.
Ogg [11] describes the real locus (S/w m )(R) of quotients S/w m of Shimura curves S, attached to Eichler orders O of indefinite quaternion algebras over Q, in terms of embeddings of Q( √ m) into O. In particular, from his work it is known that the number ν N of connected components of X + 0 (N)(R) is given by the formula
Moreover, as shown in [4] it is possible to describe explicitly the connected components of X + 0 (N)(R) as a sum of "weighted" Heegner cycles over discriminants ∆ > 0 such that N|∆ and ∆|4N, in analogy with the fixed points of the Fricke involution (cf. Gross [7] ).
3.4. The conjecture. As above, let E be an elliptic curve of rank one over Q, and let I ϕ be the index of the group generated by the Heegner points, i.e. the greatest common divisor of the indexes I D,r,ϕ for all pairs (D, r) that satisfy the Heegner condition with fundamental D < 0. From now on assume that N E is prime. In particular E is alone in its isogeny class, so we may write I E instead of I ϕ . Conjecture 3.1. If I E > 1 then either the number ν N E of connected components of the real locus X + 0 (N E )(R) is ν N E > 1 or the Tate-Šafarevič group X(E) of E is non-trivial.
There are some curves E in the range of our computations that have ν N E > 1 but have index I E = 1. So knowing ν N is not enough in order to predict when I E > 1. We sketch, in a rather impressionistic style, some ideas that hopefully will lead to a more aesthetically pleasing version of the conjecture as follows. As shown by Gross-Harris [8, pp. 164-165] , given any complete, non-singular, geometrically connected curve defined over R the number ν of connected components of X(R) may be recovered from the homology group H 1 (X(C), F 2 ), regarded as a symplectic F 2 -vector space with involution τ induced by complex conjugation acting on X(C). In fact they prove that ν = g + 1 − rank(H) where g is the genus of X, and H is the g by g symmetric matrix defined by
where β is a suitable symplectic basis for H 1 (X(C), F 2 ). So our conjecture may be expressed in homological terms. It is hoped that a more refined version of our conjecture may be meaningfully stated in terms of a finer homological invariant, perhaps associated to the modular parametrisation X + 0 (N) −→ E over Q p for each prime p, with special attention to the primes p = N, ∞; maybe there is some kind of "product formula" for n E in which ν N is just a very crude approximation to the contribution from p = ∞. Such formula might lead to a more natural form of Equation 1.1, if we consider that the Tate-Šafarevič group X(E) is a subgroup of the cohomology group H 1 (G Q , E) determined by local conditions. Table 1 and Table 2 (below) were computed as follows. For each elliptic curve E of rank one over Q and prime conductor N E < 129999, we computed the greatest common divisor d of the indexes I D,E , for each pair (D, r) that satisfies the Heegner condition with D < 0 fundamental and |D| ≤ 163. Such d is likely to be the index I E of the group generated by all the traces y D,E in E(Q) in the range N E < 129999. All our elliptic curve data comes from Cremona's Tables [5] , and we stick to the notation used there. 
